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^ ■ Abstract 

> : 

^ ■ We study the soft breaking of M = 2 self-dual gauge theories down to M = by 

promoting the coupling constant and hypermultiplet masses to spurions, and we analyze 
the microscopic duality symmetry in the resulting models. Explicit formulae are given 
for the Seiberg-Witten periods and couplings in the case of SU(2), and we perform a 
numerical study of the non-supersymmetric vacuum structure in the case of the mass- 
deformed M = 4 SU(2) gauge theory. Although the softly broken model has a well-defined 
behavior under the duality symmetry, the stable vacua are in a confining phase. We also 
extend some of the results to the self-dual theories with classical gauge groups, and we 
obtain the RG equation for these models. 



1 Introduction and Conclusions 



After the exact results on the non-perturbative behavior of A" = 1 and Af = 2 su- 
per symmetric gauge theories in four dimensions (see JL] for a review and extensive list 
of references), it is natural to ask at which extent these results can be extended to non- 
super symmetric models. One possible avenue to explore this issue is to consider the soft 
supersymmetry breaking of the solved models with Af— l^orAf — 2 supersymmetry 
0! @> Q- ^he s °ftly broken Af = 2 models have been studied in the case of asymptotically 
free theories and it has been shown that they give interesting scenarios for confinement 
and chiral symmetry breaking. They also have a very rich phase structure, and it is 
possible to obtain exact pion Lagrangians up to two derivatives. 

There is a very interesting class of Af = 2 gauge theories that has not been previously 
considered from the point of view of soft supersymmetry breaking. These are the theories 
which have a zero beta function at the perturbative level. We will call them self-dual 
gauge theories, as they are supposed to have an exact duality symmetry acting on the 
microscopic coupling constant, even when bare masses are introduced for the matter 
multiplets (in this case, the duality symmetry has also, in general, an action on the bare 
masses). This symmetry in the space of microscopic theories, which relates theories with 
different coupling constants, is the well-known Montonen-Olive duality. In ||, Seiberg and 
Witten showed that, for self-dual theories with an SU(2) gauge group, this microscopic 
duality naturally appears in the effective description at low energies, providing in this 
way a new check of the Montonen-Olive conjecture. 

In this paper we explore the behavior of the self-dual M = 2 gauge theories, once 
supersymmetry is broken down to Af = by promoting the microscoping gauge coupling 
and the hypermultiplet masses to spurions, and we study in detail the realization of 
the duality symmetry in the softly broken theories. To understand some of the new 
aspects arising in this class of models, it is useful to recall the structure of the low-energy 
description of Af = 2 gauge theories and of the softly broken models. 

In the asymptotically free theories, duality appears only at the level of the low-energy 
effective action. This means that at a particular point in the moduli space we can describe 
the effective theory in any duality frame, and the different frames will be related by 
Sp(2r, Z) transformations, for a gauge group of rank r (with an inhomogeneous part in 
the case of the massive theories). In other words, on the moduli space of vacua there is a 
flat Sp(2r, Z) bundle and the Sp(2r, Z) group acts on the fibres keeping the base points 
fixed. This will give different choices for the sections of this bundle (locally represented 

1 An approach suitable to explore the decoupling limit has been proposed in H. 
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by the ai(u), cld{u) variables, I = l,...,r). Of course, near the singularities where 
BPS states become massless, there are preferred duality frames in order to couple the 
hypermultiplets in a local way to the corresponding vector multiplet. Therefore, the 
low-energy effective actions of these theories are covariant under duality transformations. 

When the theory is softly broken with spurions, a crucial ingredient for the consistency 
of the procedure is the compatibility with the duality covariance of the effective theory. 
This has been analyzed in great detail in 0, and derived in a general setting in ||. 
The most important consequences of this analysis are the following: first, the spurion 
superfields can be frozen in such a way that their scalar components give the parameters 
already present in the M = 2 theory, and the auxiliary components are supersymmetry 
breaking parameters. Second, the M = 'cosmological' term is invariant under duality 
transformations of the effective theory. This means that at any point in the moduli 
space of vacua, the value of this term does not depend on our choice of the description 
with a duality frame. As a consequence of this, the effective potential (which equals the 
cosmological term plus the contributions of the condensates) is globally defined on the 
moduli space. 

In the self-dual gauge theories, the prepotential depends now on the microscopic gauge 
copling t and on the masses of the hypermultiplets m/, / = 1, • • • , Nf. These are the 
parameters that will be promoted to spurions, as in J7L [8] , in order to softly break M = 2 
supersymmetry down to M = 0. For a fixed value of the microscopic coupling, the 
effective theory has again a duality covariance which allows us to describe the low-energy 
physics in different duality frames, and the effective potential must be also invariant under 
these choices. As we will see, the above mentioned requirements are again fulfilled, and 
the soft breaking of the self-dual theories by promoting r , as well as the microscopic 
masses, to spurions, is a consistent procedure. But the new ingredient appearing in the 
self-dual theories is the duality symmetry acting on the microscopic coupling constant 
and on the bare masses, as well as its interplay with the duality covariance in the low- 
energy effective description. In the same way that the soft breaking with spurions makes 
possible to preserve the information encoded in the Seiberg-Witten solution, we will show 
that the behavior under the microscopic duality symmetry is also under control in the 
softly broken models. This is because the dependence on the supersymmetry breaking 
parameters is encoded in the prepotential. In particular, we will obtain the transformation 
under the duality symmetry of all the generalized couplings arising in the softly broken 
models, which are given by the second derivatives of the prepotential. Thus we find 
non-supersymmetric models which preserve in some way the duality invariance. 

However, as we will show in the case of the mass-deformed Af = 4 theory, the softly 
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broken Af = model has a behavior rather different from the behavior that one finds in the 
softly broken Af = 1 models analyzed in |4[] : there are generically runaway vacua, except 
for a range of values of the microscopic coupling constant in the strong coupling region 
g\ ~ 1. In this range, for a zero bare theta angle, there is only one single vacuum, i.e. 
only one massive phase is realized for each value of the microscopic coupling constant: 
the confining phase. For a non-zero bare theta angle, the theory has again a single 
vacuum except for 9q = tt, where we have two degenerate vacua and a first order phase 
transition, as in other softly broken models || [30|]. These results suggest that, although 
the microscopic duality symmetry is under control in the softly broken Af = 2 theory, 
supersymmetry breaking triggers confinement (for small values of the supersymmetry 
breaking parameter) and the duality symmetry of the phase structure is lost. 

The organization of the paper is as follows: In section 2, we review the Seiberg- 
Witten solution for self-dual theories with the gauge group SU(2). Using the techniques 
introduced in [|], we present the explicit solution for the Seiberg-Witten differential and 
periods. In section 3 we analyze the softly broken model, and we obtain the transformation 
properties of the couplings under the microscopic duality symmetry. We also give explicit 
expressions for all the couplings in the SU(2) case. In section 4, we discuss the softly 
broken Af = 2 theories with classical gauge groups, and we compute the dual spurion 
in these models. This gives the RG equation for the self-dual theories. In section 5, we 
discuss the structure of the mass deformed Af = 4 Yang-Mills theory. Finally, in section 
6, we study in detail the vacuum structure of the softly broken, mass deformed Af = 4 
Yang-Mills theory. 

2 The Seiberg-Witten Solution for Self-Dual J\f = 2, 
577(2) Gauge Theories 

In this section we briefly review some of the properties of the self-dual Af = 2 theories 
with gauge group 577(2) considered by Seiberg and Witten in ||. We also present explicit 
solutions for the Seiberg-Witten differential \$w an d for the periods a, a^. 

2.1 The massless case. 

Af = 2 QCD with four massless flavours in the fundamental representation, and Af = 4 
super Yang-Mills theories, have a zero beta function at the perturbative level. When the 
vacuum is conformally invariant, the theory is believed to be in a non-abelian fixed point. 
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Few things are known about this interacting superconformal field theory^. However, the 
theory is well understood when the scalar component of the M = 2 vector multiplet gets 
a vacuum expectation value, a ^ and conformal invariance is spontaneously broken. At 
scales lower than \a\, the theory is described by an M = 2 U(l) gauge theory that flows 
to a trivial infra-red fixed point. In fact there is an exact marginal direction, of complex 
dimension one, for these fixed points. It is parametrized by the complex number 

7T g 2 



which is the value of the holomorphic U{1) gauge coupling in the infra-red limit. Further- 
more, the theory has an infinite number of stable BPS states characterized by the relatively 
prime integers (n m ,n e ), which are related with the magnetic and electric charges of the 
£7(1) gauge symmetry. Their mass spectrum is 

M( "mi "e 

) = V2\n m T + n e \\a\ (2.2) 

In || it was assumed that, in the massless theories, the effective U(l) coupling constant 
T equals the bare coupling constant of the non-abelian microscopic theories, and that the 
classical formulae 



-V2i 
2 

y/2u, M = 4, 



} . 2u, N f = 4 } 



a D = T a, (2.3) 

where u = (Ti<f) 2 ), were not corrected quantum-mechanically. The prepotential can be 
written then as 

F(a, T ) = -T a 2 (2.4) 

in both cases. 

The classical answers ( |2.3j ) can be encoded in terms of an elliptic curve and a holomor- 
phic one-form on it. Consider a lattice T C C generated by uo\ = it, U02 = tttq. Using the 
Abel map we can describe the torus C/T by an elliptic curve written in the Weierstrass 
form 

Vq = 4x o - 92Xo - <fe = 4 (^o - ei)(x - e 2 )(x - e 3 ), (2.5) 

2 Recently, an interesting conjecture |l(J allows to obtain results for the TV = 4 superconformal Yang- 
Mills theory in the large N c limit. 
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where the roots e*, i = 1,2, 3, are given in terms of theta functions f\ by: 

ex = ~(^(to)+^(t )), 
e 2 = -^(^(ro) + ^(r )), 

e 3 = ^(^(r )-<(r )). (2.6) 

Introducing the variables x = uxq, y = ^u 3 ^ 2 yo, we can write the elliptic curve associ- 
ated to the massless Nf = 4 or Af = 4 theories as 

y 2 = (x - e 1 (T )u)(x - e 2 (r )u)(x - e 3 (r )w), (2.7) 

with the abelian differential 



UJ = = , I\f 

An y 87T y 



2ir y Air y 

One can easily check that the periods of this differential are precisely dao/du and da/du. 
In this way, the modulus of the torus described by ( |2.7| ) will be the U(l) low energy 
massless coupling r . If we consider the above curve with coupling — l/r , we obtain the 
same elliptic curve after rescaling xo — > t~qXo and yo — > Tq?/o, since 

= r 2 e 2 (r ), (2.9) 
e 3 (--l) = r 2 e 3(r ). (2.10) 

Therefore, this is a symmetry of the vacuum. As a symmetry, it leaves invariant the 
spectrum, but in a non-trivial way, since it maps the BPS state (n m ,n e ) for coupling r 
and expectation value a to the BPS state (n e , —n m ) for coupling —1/tq and expectation 
value To a. It is called an 5-duality symmetry. There is still another symmetry in the To 
plane, called T-duality: 

ei(r + l) = e x (To), (2.11) 
e 2 (r ±l) = e 3 (r ). (2.12) 

It maps the state (n m , n e ) to the state {n m , n e — n m ) with the same VEV a. 



Notice that we follow the conventions of [|l4| for the definitions of the theta functions. 
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2.2 The Seiberg-Witten curve. 

We will now briefly review the solution proposed in || for the low-energy desciption 
of the conformally invariant theories Nf = 4 and M = 4, once scale invariance is bro- 
ken explicitly by the inclusion of bare masses for the hypermultiplets. Recall that the 
M = 4 theory can be considered as an M = 2 super Yang-Mills theory with a matter 
hypermultiplet in the adjoint representation. When this hypermutiplet is given a mass 
m, the resulting theory (which we will call, following current terminology, mass-deformed 
M = 4 theory) has only M = 2 supersymmetry. In this case there is a moduli space of 
inequivalent vacua and the mass formula for BPS states is a complicated function of the 
dimensionless quantity a/m. 

We first focus on the Nf = 4 theory, where the duality invariance involves a group 
action on the bare masses. The massless theory has a 50(8) flavour symmetry and we 
can consider that rh 1 = (mi, ■ • • , m 4 ) is in the adjoint representation of Spin(8). The S3 
automorphism of Spin(8) is generated by two transformations that we will call t T and t . 
They act on the masses as 



,T,S 

if g rn g , 



where 



l fg 



( 1 
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Notice that the matrices in S3 are symmetric. 
We now introduce the variable 



;2.i3) 



;2.i4) 



u = u 



;2.i5) 



as a parameter on the moduli space of vacua, where R is given by 

1 



R 



z / 



(2.16) 



In terms of this variable, the Seiberg-Witten curve for Nf = 4 can be written as 

y 2 = W X W 2 W Z + A (W 1 T l (e 2 - e 3 ) + W 2 T 2 (e 3 - e,) + W 3 T 3 ( ei - e 2 )) - A 2 N, (2.17) 
where 



W,. 



x — e^u — e^R, 
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A = (ei - e 2 )(e 2 - e 3 )(e 3 - ei), 

Ti = — m 2 f m 2 y^mt, 

1 12 f 9 24 V 7 

f>9 f 
11 1 

Z / ^ f>9 40 f 

Ts = - TT ?Tif m 2 f m 2 H y^m^, 

3 2 A , A 24 ^ ' 9 48 V f 

!6 * J 9 96 ^ f 9 96 V 7 

i? and A" are invariant under S3, while the Tj, i = 1,2,3, are permuted in the following 
way: 

rp Ti <-> Ti c Ti <-> To . 

t T : , t 5 : . 2.19 

2 <-> T 3 T 3 <-> T 3 

The curve ( |2.17| ) has an invariance group given by the semidirect group SL(2, Z) x S3, 
generated by the two elements (T, t T ) and (S, t s ), if one also assumes that y, x and u are 
modular forms of SL(2, Z) of modular weights 6, 4 and 2, respectively. Therefore, SL(2, Z) 
duality is mixed with SO (8) triality acting on the masses. Notice that Q2.15|) relates the 
modulus u of the Seiberg-Witten curve to the gauge order parameter u = (Tr0 2 ). It 
has been observed in |lT| that for Nf = 4 the coupling r appearing in the Seiberg- 



Witten solution differs from the microscopic coupling, due to instanton corrections (for 
the mass-deformed Af = 4 theory [|12|], the effective gauge coupling does not receive any 
instanton correction due to M = 4 supersymmetry) . Also [ JTTJ , 113, the label u for the 
moduli space is related to (Tr</> 2 ) by an expression which differs from the one given in ||, 
both in the Nf = 4 and in the mass-deformed M = 4 cases. We then have a good label 
on the moduli space of the curve, which is in fact a modular form, but due to instanton 
corrections (which are not predicted by the Seiberg-Witten curve) we do not know how 
to relate it to the order parameter of the underlying microscopic theory. We will again 
follow the notation in || and keep the relation ( |2.15|) , although as we have pointed out, 
the u variable defined in this way is not the original order parameter. 

The curve ( |2.17|) can be written in a very convenient way if we redefine the variable x 



as follows 

x -> x + e x u + -e 2 ,R, (2.20) 
We then obtain the following expression for the Seiberg-Witten curve: 

y 2 = x(x — au){x — (3u) + ax 2 + bx + cu + d, (2-21) 
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where 



and 



4 / 

1 1 4 

b = --(a - P) 2 a(3 £ m)m 2 g + -af3(a 2 - (3 2 ) J[ m f , 

4 f<9 2 f=l 

4 

c = — (a — P)a 2 p 2 Y[ m f, 

d = -ha-f3) 2 a 2 [3 2 ]T m 2 f m 2 g m 2 h , (2.22) 



a = e 2 -e l = -^(r ), /3 = e 3 - e x = -^(r ). (2.23) 



This form is very useful to find the explicit expression for the abelian differential Xsw-, 
as only the power u 2 appears in it. Actually we will find more convenient to work with 
the shifted variable u, as this variable is a true modular form. Therefore we will mainly 
consider the curve (|2.21| ) but expressed in terms of u. The curve for the mass-deformed 
TV = 4 theory is a special case of ( p.!7| ) and ( |2.21 ) for the values of the masses m,\ = 



m 2 = m/2, m 3 = m 4 = 0. One has also to take into account the different normalization 
for the abelian differential. 



2.3 The Seiberg-Witten Differential and Periods. 

In the Nf = 4 case, the Seiberg-Witten abelian differential Xsw is determined, as 
usual, by the equation 

dx sw _ V^dx (0 0A , 

du ~ Svr y ' 

as this requirement guarantees the positivity of the metric. The computation of this 
differential can be done as in the Nf = 3 case in ||. First of all we write the curve ( 2.21| ) 
as 

y 2 = p 2 u 2 + Bu + C, (2.25) 

where 

p 2 = a/3x, 

B = c- (a + (3)x 2 +p 2 e 1 R, 

C = x s + ax 2 + bx + d + -e 1 RB + -p 2 e\R 2 . (2.26) 
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Integrating w.r.t. u, and up to an exact differential, we find the expression 



*sw = - o 1 2u + 

87T y 



1 D2\/ 



xB'C - \{xC'B + EC) - ux(p 2 C - \B 
p 2 C - \B 2 



(2.27) 



The expression in the denominator is the discriminant of the curve ( 2.25Q as a polynomial 
in u, and is given by 

1 1 4 

p 2 C - -B 2 = —{ot- (3f J] (x + apm 2 f ). (2.28) 

4 f=i 
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The position of the poles are then Xf = —a(3m 2 , as it has been derived in section 17 of 
0. After some straightforward computations, we obtain 



A 



sw 



^-(-2{u-e x R) + a(3Y. 



57T y 



4 *±IA 



/=1 



) + m 2 (u + \ ei R) + ^U f m f 
x + a(3m 2 f 



The numerators in the poles have the form ?/W/, where qj verifies 

y 2 {-a(3m)) = -qj. 



. (2.29) 



;2.30) 



We can then compute the matrix S£ associated to the massive Seiberg- Witten theories 
with Nf flavours and N p simple poles in Xswi which is defined through the relation || 



R-es x=a ; n Xsw 



1 N f 



2m ^ n V2' 



(2.31) 



We see from ( ggg ) that, in the N f = 4 theory, S s n = -\5 s n . 

Once the Seiberg- Witten differential is known, we can compute its periods, a and 
an, using uniformization as in || (see also Jl3], ^9|1). We then write the curve (|2.17|) in 
Weierstrass form, 



Y 2 = 4X 3 - g 2 X -g 3 = 4(X - e x )(X - e 2 )(X - e 3 ). 
The original Seiberg- Witten curves (|2.17|) , (|2.21|) have the structure 



y 2 = x 3 + a 2 x 2 + a\X + a , 



(2.32) 



(2.33) 



where the coefficients a i: i = 0, 1,2, depend on u, on the bare coupling constant r , and 
on the bare quark masses m/, / = 1, • ■ ■ , 4. To put this curve in the Weierstrass form, it 
suffices to redefine the variables as 



y = 4Y, x = AX- -a 2 , 



(2.34) 



where a 2 is given by: 

a 2 = -(a + i3)u + ai3R-^RE 4 (T ), (2.35) 
and .£m(to) is the Eisenstein series, which can be expressed in terms of theta functions as 

E 4 (t ) = l -{e\ + ej + el) = ^ + Of + (2.36) 

Notice that the roots in ( |2.32| ) are deformations of the roots (l/4)e;ii of the curve 
( p.7| ) (after writing this curve in Weierstrass form). These deformations are parametrized 
by the bare masses of the hypermultiplets. The Seiberg-Witten periods can be computed 
in terms of the periods of dX/Y, which we take as 

dX dX 

0J1 



1 Y Je 2 /(X-e^X-e^iX-ez) 



Y J * J {X - e^X - e 2 ){X - e,) 



<>_< 



We integrate now the Seiberg-Witten differential on these cycles. To do this, we have 
to introduce the variables Zf, which correspond to the poles Xf under the Abel map. They 
are defined by: 

Mzf) + ^y^« + \ RE ^ + - \ R ) = °- ( 2 - 38 ) 
The periods of the Seiberg-Witten diferential for Nf = 4 are then given by 



ai = 5 ( ( " " eiR)UJl + 1 ^ m f^ z ri ~ 2z /C(y )] J > i = 1,2. (2.39) 

In the case of zero masses, we see that uj\ = 2iru~ 1 / 2 , uj 2 = 2nr u^ 1 ^ 2 , and we recover 
(j2.3p. Also, in the case of the mass-deformed Af = 4 theory, the expression ( |2.39p agrees 
with that given in |1~3] . 



3 Soft Breaking of the Self-Dual Theories 

The M = 2 prepotential J 7 (a, tq, rrif) of the Nf = 4 theory can be obtained from the 
curve ( |2.17| ), and the extension of the VEV a to an Af — 2 U(l) vector superfield allows to 
study the low energy dynamics of the theory as a function of the microscopic parameters 
Tq, rrif and the modulus u (which gives the VEV a). The Af = 2 soft breaking technique 
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consists in promoting the microscopic parameters To and mj to the status of Af = 2 frozen 
vector superfields (spurions), with non-zero auxiliary fields: 

t - (T = r + d 2 F , v = ^D e 2 e 2 y 

m f -> (M / = ^ + ^F/, V, = 1dw) (3.1) 

In this way, we break supersymmetry down to M = 0, but we still keep all the nonper- 
turbative information of the Seiberg-Witten curve. The flat direction parametrized by 
u is lifted and there is usually a unique non-supersymmetric physical vacuum. In j7], ||, 
it was generally located near a Seiberg-Witten singularity, forcing the associated light 
hypermultiplet(s) to condense. 

3.1 The effective potential. 

Near the Seiberg-Witten singularities where k mutually local hypermultiplets (H iy H^, 
i = 1, k become massless, with a + S{ rrif/y/2 = 0, we have the effective potential || 

+ ^^ aA (F A hihi + F A hih^ + -^hjiihjhj 

+ ^- E (l^l 2 - N 2 )(N 2 - fel 2 ) - DfSlm* - N 2 ) 

+ 2\a + S( r ^\\\h l \ 2 + \h l \ 2 ) 
v2 

- ^[sfFfKli + Sl^hX), (3.2) 

where A,B = 0, 1, / correspond to the spurion indices and bu = (l/47r)Im(r /J ) come 
from the matrix of holomorphic couplings (] 

9a 2 ' dadm / ' dadro ' 

r/3 = 2 7^^' ^At^T' -°° = S- (3-3) 
dmfdm g dmjdro ar 



4 Some of these couplings have a nice physical interpretation. In ]l7| it has been shown that Re(r a ^) 
is related to the physical baryon numbers of the BPS states by a generalized Witten effect. On the other 
hand, in the topological version of the Af — 2 theory, the coupling t 00 appears as a contact term for a 
family of operators |u| [lB], |l6) . 
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3.2 Behavior under the duality symmetry. 

The key ingredient to analyze the behavior of the soflty broken model is the fact that a 
microscopic SL(2, Z) transformation (combined with triality) induces an inhomogeneous 
SL(2, Z) transformation in the effective theory, which in general will be different from the 



microscopic one, because of possible monodromy transformations |13[]. In the microscopic 
theory, the SL(2, Z) x S 3 acts on the coupling and masses as 

ar + (3 



T o -» r o 

rrif — > mK = tf g m g . (3.4) 



7r + 6 

f 



This will induce the following effective duality transformation, 

a r J " U 6 J { a + { qfm f /V2 




(3.5) 



where we understand a\ = ^((710 + S) 2 u, r T , m r ). The variables a, an correspond to an 
arbitrary frame with a local prepotential J 7 (a, r , mf) and = dT /da. 

We choose as our independent variables for the prepotential a, r and rrif. To analyze 
the softly broken model, we introduce the generalized dual variables (that we will call 
dual spurions) as 



Ton 



m 



D 



dT 
<9t ' 

V^l^. (3.6) 



dm 



f 



Using Q3.4T ) and (pTq ) we find the relations 

f d_^ 1 d 



\-da' r A, T aa _|_ ^ Qa 



(3.7) 



(») = (™ + fl >( (3.8) 

(JL\ = t -i(J. Lt±r^LL\ (39) 

^drrif'T 9f ^dm g y/2 7r aa + 5 da ' ' 1 ' ; 

On the other hand, the transformation of the prepotential under ( [3.5|) is the usual one, 

jF r (a r ,m^) = jF(a, rrif) + -(35a 2 + -a^/a 2 D + fljaap 

+ p f^^a D + 5a). (3.10) 
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rnF^ = (- — 1 



/r 



T 0,D 



Acting with (|3.8|) and ( |3.9| ) on T v one obtains the transformations of the dual spurions 
vrJ D and r 0) £>: 

t g }( m D + P g (iao + 6a) - q\aa D + $a) - ?V^|), 

{^) r = (lT + 6)\, D . (3.11) 

We then see that the dual spurion transforms as a modular form of weight (2, 0) under 
the microscopic duality. 

We can also obtain the transformations for all the low energy couplings (|3.3| ) under a 
microscopic duality transformation, using (3.7 — 9): 

( V,aa &T°" + g 

( T ) = ~ f > 

1T aa _|_ § 

,r\0a _ (77-0 + ^) 2 _0a 



_r\oo 



7T aa + 5 

! r ) ( 7 r + 5) 4 fr 00 - J^lA + 2 7 ( 7 r + 5) 3 r , D , 



f _|_ ^, r 9a 

;rr = (7r n + oi"t„;i r a ~ - i ht 



yj V 7T aa + 5 



^k—ha ^h—ka 
^ T aa _|_ £ ^, r aa _|_ J ^ r ao _|_ £ 

-p h q k -p k q h + q k q h ( — Z ^))- (3.12) 

7r aa + 5 J 

As we said in the introduction, it was shown in || that the Af = 2 soft breaking 
preserves the macroscopic duality covariance of the theory. This is because these trans- 
formations are a subgroup of Sp(4 + 2Nf, R) which leaves invariant the Kahler potential 
with the spurion superfields. The microscopic duality ( |3.4| ) induces a transformation on 
the dilaton spurion superfield that generally does not leave invariant the Kahler potential. 
We can see from ( |3.4|) and ( |3.11| ) that 

lm(T r D r r ) ^ Im(T 0iD r ). (3.13) 

On the other hand, the Kahler potential for the mass spurions satisfies 

lm(M f jfM F f ) = lm(M f D Mf), (3.14) 
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i.e. in the softly broken theory, the microscopic duality symmetry is lost for the dilaton 
spurion but it is preserved for the mass spurion. More precisely, the "cosmological" term 
associated to the mass spurions 

v ' m = " 6 ") {\ D < D > + T ' F «) < 3 - 15 > 

is invariant if at the same time we also transform 

(Ff, Df) — >■ tfg(Fg, D g ) (3.16) 

But if 7 ^ in (3~~ 3), one can check that the cosmological term is not invariant if F or 
D are not zero. 

3.3 Expressions for the dilaton spurion couplings. 

The next step to study the behavior of the softly broken models is to obtain explicit 
expressions for the dilaton and mass couplings in terms of quantities associated to the 
Seiberg-Witten curve of the corresponding theory. In this subsection we consider the 
dilaton spurion couplings. 

In the case of the self-dual theories, we cannot use the Euler relation for the prepoten- 
tial in order to extract the dependence on tq, as this is now a truly dimensionless variable. 
Therefore, in order to compute the dual spurion t^d (which involves essentially the RG 
equation for this theory), we have to use the Riemann bilinear relations, as it was done 
in to compute the dual masses. 

First of all we have to compute the derivatives of the Seiberg-Witten differential with 
respect to the coupling tq and the masses. After a somewhat long computation, we find 

f d\ SW \ V2dxf (a -/?)' _ R \ 

(-« — )- = -o 7 «V + ~^ a P) ) j 3.17 

v ot y « 87T y V {a — p) 3 / 

where the prime denotes the derivative w.r.t. To. It is easy to check that this is an abelian 
differential of the second kind, with a double pole at x = oo. To obtain the expression 
( [3.171 ), one must use the identities 

a' = —a(E 2 (T ) + 2(3-a), 

P' = ja(E 2 (r ) + 2a-P). (3.18) 

With this result we can already compute the dual spurions, using the strategy introduced 
in |§. Taking a, r and m/ as the independent variables of the prepotential, we have the 
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relation 

(^) =(ir) = / (^) • ( 3 - 19 ) 

We then consider the vanishing (2, 0)-form 



da ' T V <9 T() 

Notice that the first form is holomorphic and can be written as 



*=fe =#"(^) • (3-20) 

and the second form is 

„ = (OW) = (?W) + (^)_. (3.21) 

The first piece of ( 3.21]) is holomorphic, and the second part is given in (|3.17|) . The 
Riemann bilinear relation gives 



<9t 

where ir(s) = J s s o ip. We have taken into account that 



(^) a = 2«Res I=0o (7r-,), (3.22) 



= (#■) / W = 0, (3.23) 

= (£) / W = 1. (3.24) 

The residue is easily computed using for instance the uniformization of the curve. The 
pole is at z = in the C/A plane, and we finally obtain 

^ = 3(1)™- ^ 



Integrating w.r.t. to a, we can read the RG equation for the Nf = 4 theory, which 
gives the dual dilaton spurion: 

dT 1 , 

t °> d = ^ = (3 - 26) 

As u is a modular form of weight (2,0), this is in perfect agreement with the second 
equation in (|3.11 ). Another check of this expression can be obtained if one considers the 
massless case, where irtf = for all / = 4. Then we have for the prepotential 



and the periods the simple expressions (|2.3| ), (|2.4j) , and we can see that the above rela- 
tion is trivially satisfied. The RG equation for the mass-deformed M = 4 theories with 
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gauge group SU(N) has been obtained using the Calogero-Moser system in plf . Related 



considerations have been made in 22 



Now we want to compute the second derivative of the prepotential w.r.t. the micro- 
scopic coupling. From (|3.26|) we find 



d 2 T 1 / du 



T"00 



1 / UU \ 



1 (da/dT )u 
4 (da/du) T0 



(3.27) 



To obtain an explicit expression for (da/ 'dro)u, we use again uniformization of the 
Seiberg-Witten curve. In this way we obtain 



sw 



dr 



V2, /(a-P)' ixi 



dz. 

8vr V (a - (3) 

\ r li , /»' , ,,, 



+ —(a + P) )u 



iV2 



p(z)dz 



+ ^—dz—[{a + py-3{a-py-6ap} 

8 18 



-i — dz 
2 



1 R 

—E 2 (t )u + P (z) + —E,(t ) 



where we have used ( |2.36|) and ( |3.18|) . We finally find 



T 



00 



VK 

12 



R 

E 2 (t )u+-E 4 (t ) 



(3.28) 



(3.29) 



where u is the period corresponding to the a variable. We can write this expression in 
another way using that 

87U w Co> 7TZ „ . „„, / du\ 2 

to obtain 



r 



oo 



ITT 



u; 3 94 A ; VWn7 



+ — £ 4 (t ). 



(3.31) 



3 24 v j 36 

Using this expression and the properties of the Eisenstein series under modular trans- 
formations, 



E 2 (r ) 
£4(to) 



( 7 r + 5) 2 [E 2 (t ) + 



127 



2717(77-0 + 5) 



(7r + 5) 4 £ 4 (To), (3.32) 
we can explicitly check the microscopic duality transformation in ( 3.12 ) for r 00 []. 



3 The structure of this coupling has been obtained in a different context in |b 
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3.4 Expressions for the mass spurion couplings. 

The dual mass in the SU(2) theories is given by the general expression 



m 



D 



E S l r Xsw, (3.33) 

n=l Jx " 



where x^ denote the two roots of y corresponding to the position of the poles. An explicit 
expression can be obtained using uniformization ||. In the Nf = 4 case we have: 



m 



D 



= ( 2 (« - e x R)z f + i £ m g [2z f C(z g ) - log ffi f \ 

+ im f [2z f az f ) + loga(2z f )]). (3.34) 



To obtain the mass spurion couplings, we must compute the derivative of the Seiberg- 
Witten differential w.r.t. to the masses. One finds, 

(^) =-^-{m f e 1+ \ A (3.35) 
v dm f ' « 8n y V x + apmj ) 

and after integrating on the one-cycles one obtains the derivatives of the periods w.r.t. 
the masses (keeping u fixed). The mass couplings are then given by: 



T 1 



\ dm. t ) u \ dm r / u oj ^ ' ^ ^ 



^ dm f'u ^ 9m / 
1 rdu\ ( da 



A^da J m f^ dm / ' « 
y/2 «V2rw v 2z f u 

_ m/ei ___[^( 2;/ )__±^_)] ) (3.37) 
v 7 ^ r x tr/dXsw\ ( du x /<9A 



2 



A / m f \ drrig ' a ^ dm g ' « 



" ^ 1 -^)U 1 ° g a(z / + ^)"~ C( 2 ) 
" ^ /9 Qloga(2^) + ^C(|)). (3.38) 



4 Extension to Higher Rank Gauge Groups 

M = 2 supersymmetric QCD theories with a vanishing one-loop beta function are 
supposed to enjoy exact conformal invariance when the hypermultiplets are massless, and 
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to have a duality invariance in the massive case. Explicit curves showing this invariance 
have been constructed in || for the mass-deformed SU(N) Af = 4 theories, and in [23, 
ill El] for the classical gauge groups. 



Most of the considerations explained above extend in a straightforward way to the 
case of gauge groups of rank r. An important difference is that the microscopic duality 
group will be, in general, a semidirect product of a subgroup M of SL(2, Z) with a group 
which acts on the masses. A microscopic duality transformation corresponding to the 
matrix 

a (3 
7 5 



e M (4.1) 



together with an action on the masses m/ — ► tf g m g , will induce in general an inhomoge- 
neous Sp(2r, Z) transformation acting on (a£, aj): 




A^ai + B^aj + p^rrif/VZ^ 
Cjjai + D/aj + qfrrif/V^ )' 



The duality transformations for the couplings generalize in a straightforward way. The 
effective SL(2, Z) matrix is now a symplectic one, while the modular factors involving To 
remain the same. In particular, the dual spurion is still a modular form of weight two 
with respect to the modular subgroup M C SL(2, Z). 

In fact, we can verify this statement and compute the explicit form of the dual spurion 
for all the classical gauge groups, using the results of |23|, ^4]]. This is a nontrivial check of 
the modular transformations we have derived using only the properties of the prepotential. 
It also gives the RG equation for the self-dual Af = 2 theories with classical groups, 
extending the results of 



a) SU (r + 1) with Nf = 2r + 2 hypermultiplets in the fundamental representation. 
The curve is given by 

2r+2 

y 2 = p 2 ( x ) + Ah(h + 1) [] (x ~ rrij - 2/i/i), (4.3) 

3=1 

where rrij, j = 1, ■ • • , 2r + 2 are the masses of the hypermultiplets, and 

P(X) = f[( X - <P a ) = X r - r j^U k X r+l -\ 
0=1 k=2 

M = — y^mt, h(r ) = — — — . (4.4) 
Nf ~J a — 2(3 K 1 
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The Seiberg-Witten differential can be written as 



x-2/ih 

*sw = — — « lo S 
2m 



P(x) - y 



P(x) + y 



(4.5) 



For r > 1, this curve is invariant under the duality group r°(2), generated by T 2 and S, 
rrij — > rrij — 2/x. Notice that the Casimirs are modular forms of weight zero. One can 
easily obtain from (Of) the expression 

1 dx 



(^) 



dP _ {h(h+l))> 

dx h(h + 1) 



(4.6) 



2m y 

where the ' indicates derivative w.r.t. r . This is a differential of the second kind with 
a double pole at x = oo (one can check that the residue vanishes). The basis of holo- 
morphic differentials on the hyperelliptic curve is the usual one, u>k = x r+1 ~ k (dx/y), and 
(dXsw/duk) = — (l/7ri)a>fc. Using a straightforward generalization of the argument in 
section 3.2.1, we find 

FIT 

(a - 2[3)u 2 . (4.7) 



dr 



Notice that a — 2f3 is a modular form for r°(2) of weight two. 

b) Sp(2r) with Nf = 2r + 2 hypermutliplets in the fundamental representation. 
The curve is 

y 2 = xP 2 (x) + 2gQP(x) + g 2 R, 



(4.8) 



where 



P(x) = U(x - ft) 



X 



r—k 



2r+2 



o=l 
2r+2 



k=l 



Q ] [ rrij, Q 2 -xR= ] [ (./• - 



m. 



i=i 



a — j3 
a + p' 



(4.9) 



The Seiberg-Witten differential is given by 



x 



>^sw = ^—d\og 
2m 



xP(x) + gQ — -Jxy 



xP[x) + gQ + y/xy 



For r > 1, the duality group is now r (2), with generators T, l\j m j 
ST 2 S. We find 

/ d\ S w \ 1 dxg 

\ dr ' u k 



2m y g 



P(x), 



and the dual spurion turns out to be 



8t 



(a + (3)ui, 



(4.10) 
Y[j rrij , and 

(4.11) 
(4.12) 
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which is again a modular form of weight two with respect to To (2). 



c) SO(2r + 1) with Nf = 2r — 1 vector hypermultiplets and SO(2r) with Nf = 2r — 2 
vector hypermultiplets. 

The curve can be written in both cases in the form 



y 2 = xP 2 {x) + 4fA(x), 



(4.13) 



where P(x) is given by the expression in ([4.9|) , / = h(h + 1) with h given in (|4.4j ), and 



2r-l 



A(x) 



X 



n (x-m 2 ), for SO(2r + l) 



2r-2 

.r 3 J] (x-m 2 ), for SO(2r) 



(4.14) 



The duality group is again r°(2), with no action on the masses. The Seiberg-Witten 
differential is given in both cases by 



x 



2m 



xP(x) — \px~y 



We easily find 

and the dual spurion is 



xP(x) + y/xy 
1 dxf 



4m y f 



P(x) 



T ,D = TT~ = (« - 2p)u 1 . 
OT 



In all these cases, the spurion coupling Too has the structure 



TOO 



(4.15) 

(4.16) 
(4.17) 

(4.18) 



where u denotes the relevant Casimir (w 2 for SU(N C ), u\ for the other classical groups), 
and /i(to), ^2(^0) are modular forms of weight two with respect to the relevant duality 
group (which can be explicitly computed from the above expressions). In principle, one 
can compute the derivatives of the Seiberg-Witten periods a 1 w.r.t. the coupling r by 
integrating the expressions ( |4.6|) , Q4.ll ) and ( |4.16|) along the corresponding homology 
cycles. Explicit expressions in terms of derivatives of theta-functions can be possibly 



obtained using the techniques of [Ell EH . 
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5 The Mass-Deformed J\f = 4 Theory 



5.1 Structure of the Seiberg-Witten solution. 

As we have already mentioned, the curve for the mass-deformed Af = 4 theory is 
obtained from ( |2.17| ) by simply choosing ni\ = rri2 = m/2, = WI4 = 0. Also, the 
normalization of the Seiberg-Witten differential changes and we have instead a factor of 
1/47T in the r.h.s. of ( 12.241) . As there is only a mass parameter, the theory is much simpler 



to study, although we loose the triality part of the duality group which acts on the masses. 
The most important advantage is that one can easily find an explicit expression for the 
effective roots &i of the curve in the Weierstrass form (|2.32|) : 



e« = —CiU m 2 ( — — ef] , i = 1, •••,3, (5.1) 

4 16 V 3 V ' ' ' V ' 

A much more compact expression can be written for the position of the pole: 

p{z Q ) = ei - j^r™ 2 - ( 5 - 2 ) 
The expression for the periods is then, 

a-i = 7j~~(( fi ~ e i-^) u i + im[uiC{zo) - 2z ((^-)}\ i = l,2, (5.3) 

In this parametrization, the effective low energy theory with modulus T aa (u,TQ,m) = 
80,2/ da\ approaches the microscopic theory with modulus tq in the massless limit (or 
weak coupling region) m 2 /u — > 0. In this way, we identify v2|ai| with the mass of the 
electric M^-bosons, \/2|ai ± m/y2\ with the mass of the components a 1 and a 2 of the 
adjoint quark, and \m\ with the mass of the component a 3 . This theory has an stable BPS 
spectrum (n m , n e ) for relatively prime magnetic and electric quantum numbers (n m and n e , 
respectively) JT3J. Their masses are given by \/2\n m a2+n e ai+Sm/ a/2|, for baryon number 
S. There are three points at the w-plane where the curve describing the low energy effective 
theory degenerates. They are given by Uj = ejm 2 /4, i — 1, 2, 3. At these singularities, the 
effective coupling constant has a logarithmic singularity, ~ \n(u—Ui), due to a massless 
charged particle in the infrared limit. If we use the macroscopic frame a = a\ and = 02, 
given by (|5.3|) , the numerical analysis gives that a\(u\) = 02(^2) = a 2(u 3 ) + ai(u 3 ) = 0. 
It means that in this frame, the massless particles are: an adjoint quark (0, 1) at u\, a 
monopole (1, 0) at U2 and a dyon (1, 1) at S3. Notice that the monodromy base point has 
positive imaginary part (see fig. 1). 
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5.2 Microscopic duality. 

Using standard properties of elliptic functions, one can check that the transformation 
properties of the Seiberg-Witten periods and the couplings under a microscopic duality 
transformation are indeed given by the expressions ( |3.5| ) and ( |3.12| ). From the analytic 



expressions of the effective roots ej(£t, r , m) in ( |5.1| ), we observe that a microscopic duality 
transformation V induces the same permutation on the effective roots (but with weight 
four) as on the microscopic ones. This means that in the macroscopic duality frame given 
by the formulae ( |5.1| - |5.3| ), V gives the same effective duality transformation on the low 



energy theory, up to a monodromy transformation |T3| . 



We consider now in some detail the action of the generators S and T. Under the 
interchange r — > —1/tq, the microscopic roots e\ and e 2 are permuted (with an additional 
Tq factor). This has the following effect on the Seiberg-Witten singularities: 

Ui (-— ,rnj = r 2 M 2 (r ,m), u 3 (-—,rnj = r 2 tt 3 (ro,m). (5.4) 



From the expressions (|5.1|), we have that 




e 3 ( u, _ ;jr> m ) = r o e 3 \^2, T o,m ) , (5.5) 



and this gives the following transformation of the effective periods (ui,u 2 ) in Q2.37D 



vi\u, -^,mj = -r ~u 2 ^,r ,m 

uu 2 [u,-^mj = Tq 2 u x (^,t , rnj . (5.6) 



Less obvious is the ^-duality transformation of zo, since it picks a shift. From (|5.2| ), we 
have that 



t. 



o 




\ P [ zq [ u, -— ) ) = e 2 I T ] - -^a {a - 0) m 2 . (5.7) 



We can now use the properties of the Weierstrass function fCB] 



p(Xz; {Xujx, \u 2 }) = A p(z;{u 1 ,uj 2 }), 

/ * (e* — eA(ei — eh) ,„ , 

2 - ei 
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Figure 1: The Seiberg-Witten sin- 
gularities at the w-plane for micro- 
scopic coupling t = i. From left to 
right, we have: u 2 (monopole), u 3 
(dyon) and u\ (adjoint quark). 



Figure 2: The counter clokwise ro- 
tation of the Seiberg-Witten singu- 
larities under the shift r = % to 
t = i + 1. 



to see that 

1 



TqZq { U, 



T 




+ mui \ ^> r oJ + n 2 uj 2 ( ^,r ) , (5.9) 



where rii are arbitrary integers which arise because of the periodicity of the Weierstrass 



functions. It was shown in p, [L3|, |19|] that these ambiguity corresponds precisely to the 
inhomogeneous piece of the macroscopic duality transformations, which physically means 
a redefinition of the baryon charge. Taking all of this into account, and using Legendre's 
relation, we easily find the S-duality relation: 

/ | \ f U \ TTl 

ai[u,- — ,mj = -a 2 ( r ,m\ + (1 + 2ni) 

/ | \ ( XI \ TTl 

a 2 [u, , m = ax [-^,r ,m + (1 + 2n 2 ) — (5.10) 



To / W / V2 



Notice that in the frame a = a\ and cld = the macroscopic S'-duality transfor- 
mation coincides with the microscopic one (up to inhomogeneous terms and monodromy 
transformations, which have been found in ||13|). This is because in the massless limit, 
the Seiberg-Witten periods become (|2.3|) . For another macroscopic frame (a,ao), related 
to the variables ( |2.39| ) by a general SL(2, Z) transformation, the macroscopic duality 
transformation will be different. 

We emphasize that S'-duality is a symmetry of the theory: the theory at the vacuum 
labeled by u and coupling — 1/tq is equivalent to the theory at the vacuum labeled by 
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u/tq and coupling t , but described in a macroscopic ^-dual frame. For instance, in 
fig. 1 we show the position of the Seiberg-Witten singularities for r = i. An ^-duality 
transformation will map the theory at u to the one at —u, with the singularities u\ and 
«2 rotated. We see that this corresponds to a n rotation of the w-plane, since in this case 
t = i is a fixed point under S'-duality. For other values of the microscopic coupling, the 
action will be more complicated. 

Under the interchange To — > r + 1, the microscopic roots e 2 and are permuted 
(without any modular factor). This gives 

ui(t + l,m) = ui(T ,m) , u 2 (r ± 1, m) = u 3 (t , to) (5.11) 

The effective roots are permuted in the same way. The pole z is invariant under T-duality, 
and one can easily derive the relation: 

a-i(u, t + 1,to) = ai(u,T ,ra), 

a 2 (w,To + l,m) = a 2 (w, t ,to) + ai(u, r ,m). (5.12) 

In fig. 2 we show the movement of the singularities in the M-plane when r = i, under 
the shift t — > t + 1. We observe that «2 and M3 rotate counterclockwise. One can 
check that in the T-dual situation, the massless particle at U3 becomes a dyon (1,-1), 
As 9 cS (u, t + 1) = cS (u, t ) + 1, by the Witten effect the physical electric charges in the 
T-dual frame are the same. 

6 Soft Breaking of the Mass-Deformed = 4 Super 
Yang-Mills Down to J\f = 

In this section we study in detail the vacuum structure of the softly broken, mass- 
deformed M = 4 super Yang-Mills with gauge group SU(2). We will only consider the 
soft breaking with a non zero F term for the dilaton spurion (its absolute value, denoted 
by F , will be the supersymmety breaking scale). Since we will work with an adjoint mass 
m different from zero, in the numerical analysis we define our units in such a way that 
m — \. 

The couplings for the mass-deformed M = 4 theory can be obtained from the ones for 
the Nf = 4 theory with masses (m/2, m/2, 0, 0), as the Seiberg-Witten curve is the same, 
but one has to take into account the different normalizations. We have for instance, 

7~0,D = U, 
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T 



00 



in 



V ° ; 3 6 V ; Ma^ . 



nrm 
36 



^4(t ). 



(6.1) 



6.1 General properties. 

The M = 2 soft breaking method preserves the M = 2 supersymmetric expression of 
the Lagrangian, with the only difference that some microscopic couplings are promoted 
to J\f = 2 spurion superfields. Seiberg and Witten f|, [§ obtained the exact holomorphic 
part of the M = 2 effective Lagrangian, where the massive particles have been integrated 
out. The whole effective Lagrangian has an infinite series of terms, which are naturally 
expanded in inverse powers of the Wilsonian ultra-violet (UV) cut-off /i This scale is set 
by the mass of the lightest particle that has been integrated out. Notice that this mass 
is given by the Seiberg- Witten solution, since the lightest particle is a BPS state. For 
instance, in the pure M = 2 theory ||, when the vacuum is very close to the monopole 
singularity u^ = A 2 ,, the lightest particle is the (1,1) dyon or the W-bosoia Q. The 
Seiberg- Witten solution gives, near the monopole singularity, \a\ ~ Aq. Then, in this 
case, we have the Wilsonian UV cut-off [i = Aq. In general, for an arbitrary vacuum 
located at u, the order of the cut-off will be given by /i ~ \u — Ui\/A, where Ui is the 
closest singularity to u (and whose associated BPS state has not been included in the 
effective Lagrangian). Notice that in this "Seiberg- Witten scheme", it is the vacuum who 
chooses the value of the Wilsonian UV cut-off. 

When supersymmetry is broken down to M = 0, a non-trivial effective potential is 
generated in the effective Lagrangian. Its non-supersymmetric terms have the structure 



(6.2) 



where Oi(4>) is a gauge invariant local operator of dimension c^. The Seiberg- Witten 
solution only gives terms with n < 2. Higher order terms in Fq come from the non- 
holomorphic part of the effective Lagrangian. We do not include them in our analysis, 
and from ( |6.2| ) we see that our approximation will be valid when F < fi ~ \u — Ui\/A. 
For these values of the supersymmetry breaking scale we can neglect the non-holomorphic 
terms in (|6.2| ). For instance, in the soft breaking of the pure Af = 2 theory [0, with the 
absolute minimum located very close to the monopole singularity u\ = Aq, we have that 
Fq < \ U -A — M Aol/Ao ~ A . In the case of the softly broken, mass-deformed M = 4 
theory, the distance between the closest Seiberg- Witten singularities Ui is always smaller 
than m 2 , and our analysis will be done for Fq < in. 




'For an ~ 0, they have practically the same mass, a/2|c 
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The effective potential for the softly broken Af = 2 gauge theories has the structure 

Si 

V eS = VS M) + V£ M) • (6-3) 

The first term is the contribution to the vacuum energy coming from the scalar com- 
ponent a of the U(l) vector multiplet, and is invariant under macroscopic duality trans- 
formations J/J. It is given by: 

= F* (6-4) 

Notice that, because of this invariance, we can choose any duality frame to compute the 
couplings bjj in fl6.4T) . Near the Ui singularity, it is natural to consider the duality frame 
associated to the massless BPS state there, because in this frame &„o an d &oo are smooth. 
The positive term b 2 aQ /b aa increases the vacuum energy, but if the coupling fe^o is different 
from zero on its associated local singularity Ui, then the function ( |6.4j ) presents a local 
minimum with a cusp at the point Ui, since feW ^ l n |{j — Ui\ — > oo for u — > Ui (see fig. 3). 
The second term in the effective potential is 

vS M) =-i:^Pi (6.5) 

i=l Oaa 

where 

Pi = -€l« (i) i 2 + \ \b { S>\F Q > i = 1,2,3. (6.6) 

or zero if this expression is not positive. This gives the squared VEV of the scalar part of 
the hypermultiplet becoming massless at a^\ui) = 0. If b^{ui) ^ 0, there is a condensate 
Pi 7^ on a region centered at the point Ui, with radius proportional to F Q . Once the 
hypermultiplet contributions are taken into account, the effective potential is smooth on 
the whole -u-plane and is globally defined (see fig. 4). 

The order parameter for the condensation of a light hypermultiplet is then given by 

\ / U=Ui 

where the coupling is evaluated at the corresponding singularity f\. The condensate creates 

a local minimum of the effective potential very close to the singularity Ui (for small values 

of the supersymmetry breaking parameter), and the value of the effective potential at 

that minimum will be given approximately by — o^{ui). When &io(ttj) = 0, although pi 

7 Notice that in the partial breaking to J\f = 1 of the Seiberg-Witten solution, the order parameter for 
condensation is \du/da^\. 
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Figure 4: Plot of the complete ef- 
fective potential V e g through a path 
joining the three Seiberg-Witten 
singularities, for r = i. The cusp 
at U3 = has been smoothed out 
by the monopole condensate, and 
there is an absolute minimum very 
close to M3. 

can be different from zero near Mj, the fact that V^ M ^ has no cusp forbids the formation 
of a local minimum close to Ui. When there are several condensate order parameters 
different from zero on their associated singularities, we must use numerical information 
from the Seiberg-Witten solution to know which singularities give the absolute minima of 
the effective potential. 

If all the order parameters for condensation turn out to be zero, then there are no 
local minima near any singularity. In this case, we have a runaway vacua pehenomenon. 
To see this, one has to consider the behavior of the effective potential at infinity, i.e., for 
m 2 /u — > 0. In this region we are in the semiclassical regime, and for the self-dual theories 
there are not logarithmic (perturbative) corrections in this region of the moduli space. A 
straightforward computation gives 

V e g — ► 87ra;o \1mV&\F% , (6.8) 

where ao = (?q/47t = (Imro) -1 is the microscopic gauge coupling. Hence the effective 
potential goes to infinity, except along the direction u — ► oo + , where it goes to zero. 
Notice that, even when b^iui) 7^ 0, the local minima should have a negative vacuum 
energy in order to give the true minima of the potential. Otherwise, we will again have 
runaway vacua. 

The expression ( |6.5|) is just the sum of the contributions of the different condensates 
Pi to the effective potential, as it is obtained from an effective Lagrangian that only 



Figure 3: Plot of IQj through 
a path joining the three Seiberg- 
Witten singularities, for r = i. 
The only cusp occurs at S3 = 0, 
where b a( j(u3) 7^ 0. 
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takes into account mutually local degrees of freedom at each point u. But for values 
of the supersymmetry breaking parameter big enough, some of the condensates pi can 
overlap, and since ( |6.5| ) decreases the vacuum energy, there is the posibility that a new 
minimum is created in the overlapping region. This could be an indication of a first order 
phase transition to an oblique confinement mode, with the new minima associated to the 
condensation of a bound state created by the mutually nonlocal hypermultiplets |7|. ||. 
Actually, in the mass-deformed Af = 4 super Yang-Mills theory, due to the fact that 
all the microscopic fields are in the adjoint representation of the gauge group, the new 



minimum would be necesarily associated to an oblique confinement phenomenon |29 



Even if we allow such overlappings, the region where a condensate, call it pi, is different 
from zero, should not attain any other singularity associated to another state, U2, because 
in this case the effective potential presents a cusp: 

dV eS 



du 




00 (6.9) 



when u — > U2 (as foW _ » 0). This implies that the supersymmetry breaking scale should be 
smaller than the mass of the BPS associated to U\ at the point U2, i.e. Fq < \ui— U2\- This 
is the same bound we found to neglect higher order corrections in the effective Lagrangian, 
and both things are obviously related. To be able to cross this bound, we should include 
the mutually nonlocal degrees of freedom asssociated to U\ and u 2 simultaneously in the 
effective Lagrangian. 



6.2 Vacuum structure for 9q = 0. 

When the microscopic theta angle is zero, the only order parameter for condensation 
which is different from zero is the one associated to the dyon, 6^(tt 3 ). In fig. 5 (left), 
we plot the absolute value of fr^ (^3) as a function of the microscopic coupling a = 
(7o/(47r) = l/(Imro). The range where it is different from zero is 1/8 < cto ^ 8. This 
means that, for these values of the microscopic gauge coupling, there is a local minimum 
of the effective potential very close to the point 113. To be the absolute minimum, it 
should give a negative vacuum energy. In fig. 5 (right) we show the value of the effective 
potential at U3, for different values of the microscopic coupling ctQ. We then see that 
there is an absolute minimum near the point M3 for 1/3 < «o ^ 3. For these values of 
the microscopic coupling, supersymmetry breaking selects a unique minimum where the 
(1, 1) BPS state condenses. The electric charge of this BPS state is actually zero because 
of the Witten effect. We then have monopole condensation and the electric degrees of 
freedom are confined. The string tension is of the order of o ~ \J \b^j (u3)\F ~ ^tuFq. 
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Figure 5: The order parameter for monopole condensation, |6ao (%)l (left) and the 
effective potential V e ^{u 3 ) (right), for 9 = 0, as a function of the microscopic coupling 
a . 

There is a mass gap of the same order of magnitude, and a splitting in the masses of the 
component fields of the M = 2 multiplets of the order of Fq. Out of the confinement 
region, 1/3 < ao < 3, the theory presents runaway vacua along the positive real axis of 
the -u-plane. 

In the previous discussion, we have chosen a supersymmetry breaking scale smaller 
than m. In fact, for a microscopic coupling «o < 1/2 or « > 2, there are always 
two singularities on the w-plane which are very close to each other, and this decreases 
the maximum allowed value of Fq. At very short distances, of the order of 1/m, the 
description provided by the Seiberg-Witten effective Lagrangian is no longer valid. 

For #o = 0, the microscopic S-duality maps the theory with microscopic coupling 
a o = So/i^) = l/I mr o a t the vacuum u , to the theory with inverse microscopic coupling 
l/a at the vacuum — a\u. Since £t 3 (— l/r ) = TqU 3 (t ), we see that the position of the 
singularity is invariant (up to the modular factor) under S'-duality. We also have that 



Generically, the effective potential is not left invariant under S'-duality; but for 6q = 0, 
V e fi(u 3 ; l/a ) = (l/aQ)V e fi(u 3 ; a ). The consequence of the microscopic S-duality symme- 
try, in the softly broken theory, is that the physics in the confinement phase is almost the 
same for the couplings ao and 1/cto, up to the scaling factor ao: the softly broken theory 
preserves in some way the duality symmetry. This residual symmetry can be seen in fig- 
ure 5: for the range of values of the coupling constant where the vacuum is stable, there 
are always two values of the coupling constant which give the same monopole condensate 
(and hence the same string tension). 

When the theory is softly broken down to jV = 1 Q , all the possible massive vacua 
are realized for any value of the coupling constant, and they are permuted by S/(2, Z). 




(6.10) 
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Figure 6: Contour plot of the condensate order parameter b { a0 evaluated at the singularity 
Ui, on the complex plane of the microscopic coupling r = x + iy. 

But, as we have seen, if all the supersymmetries are softly broken down to Af = 0, the 
vacuum degeneracy is lifted in such a way that the theory is locked in a confining phase 
and the only stable vacua occur for a gauge coupling of order one: the duality symmetry 
in the phase structure is lost. 

6.3 Vacuum structure for 9q ^ 0. 

In the asymptotically free theories, the U(1)r anomaly relates the theory with micro- 
scopic theta angle different from zero with the one at zero angle but where the w-plane is 
rotated (and the rotation angle is proportional to the anomaly). In the self-dual theories, 
there is no U{1)r anomaly, and the theta angle dependence becomes non-trivial. 

As a first approach to unravel the theta angle dependence of the vacuum structure 
in the softly broken, mass-deformed M — 4 self-dual theory, we obtain the values of the 
condensate order parameters. The contour plots of figures six to eight show the absolute 

(i) 

value of the couplings b a Q, evaluated at their respective singularities iii, for different values 
of the microscopic coupling r in a range 1/3 < Imr < 3 and — 1 < Rer < 1. Darker 
zones mean larger absolute values of the condensate order parameter. 

At weak coupling (Imr > 3), all the condensate order parameters are zero for any 
value of the microscopic angle. This can be understood as a remnant of the microscopic 
^-duality and the results of the previous subsection for zero theta-angle: S-duality maps 
the theory for general angle 6> to the one with angle 6^ = — olq9q + 0(a^). Then, for 
small a , the theory at general 6 angle is mapped to the one at (1 + al8l)/a and 9 ~ 0. 
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Figure 7: Contour plot of the condensate order parameter b ( a g, evaluated at the singularity 
■u 2 , on the complex plane of the microscopic coupling r = x + iy. 




Figure 8: Contour plot of the condensate order parameter b { a0 evaluated at the singularity 
u 3 , on the complex plane of the microscopic coupling r = x + iy. 
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Figure 9: The condensate order parameters b a Q and b a( j (left) and the effective potential 
V e s (right) evaluated at their associated singularities u<i and M3 respectively, as a function 
of 6 /2tt, for cto = 3/2. The level crossing a.t 8q = it corresponds to two degenerate 
minima. 

This means that at weak coupling and general 6q, there are runaway vacua along u — > oo + . 
On the other hand, there is new dynamical information in the strong coupling region: for 

finite microscopic theta angle, S'-duality maps strong coupling to strong coupling. 

(2) ™ (3) 

Notice that the plot of b a0 (U2) in fig. 7 is equivalent to the plot of b a0 (^3) m fig- 8 with 

the real axis shifted by one unit. This equivalence is a consequence of the microscopic 

T-duality symmetry, which interchanges the singularities U2 and U3. In fact, there is more 

information we can extract from T-duality, which tells us that 



We see that, at 6q = it, if the vacuum energy is smaller than zero, there must be two 
equivalent vacua, located at conjugate points on the w-plane. Numerically, this happens 
for a> > 1. From the fig. 9, we observe that, when we increase the microscopic angle 
#0 > 0, it appears a condensate around the U2 singularity (giving a new local minimum 
of the effective potential), and that the condensate around u 3 decreases. At 9 = it, both 
condensates become equivalent and they give the same vacuum energy. The physical 
electric charge of the BPS states condensing at these two equivalent vacua is exactly zero, 
but the fact that the CP transformation interchanges the two complex conjugate minima 
at the plane u is a signal that we have spontaneous CP symmetry breaking. In fact there 
is a first-order phase transition at 6q = tt, and for 71 < 6 < 2n the absolute minimum is 
located near the Ui singularity. This is another test that the softly broken theory preserves 
the microscopic T-duality symmetry. When #0 = 2n, the only condensate occurs around 
the «2 singularity, again with zero electric charge, and it is located at the same point that 




(6.11) 



therefore 




(6.12) 
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the U3 singularity for #0 — 0, as it is expected from T-duality. A similar behavior has 
been observed in other softly broken models when a bare theta angle is introduced ||, |3(| . 

When cto = 2, the singularity u\ passes between u 2 and m 3 . As a result, the monodromy 
matrices of u\ and £t 2 are conjugated Q. For a > 2 and 9 ^ rar, the condensate order 
parameter b^(ui) is different from zero (see fig. 6) and there is a new local minimum near 
U\. But numerically it never becomes the absolute minimum of the effective potential, and 
the physical vacuum remains located near 112 or (or it is a degenerate one for 6$ = 71). 

Although in the deep strong coupling region (a 1) the singularities ui and it 3 
approach to each other, we have not found any oblique confinement phase at #0 — tt (for 
the allowed values of the supersymmetry breaking parameter). The same negative answer 
was found in other softly broken M = 2 theories with a bare theta angle |J. 
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